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(pressure variation in air due to thermal expansion of air), 
infrared radiometry, thermoreflectance, and the interferometric 
methods described in thi article. This appendix addresses the 
analytical de cription of the temperature distribution for a vari
ety of ca es. 

THERMAL DIFFUSIO EQUATION 

The diffusion of temperature is described by the thermal 
diffusion equation 

n lT( ) dT(x,y,z,t) Q(x,y,z,t) 
-O'Y x,y,z,t 

dt K 

(AI) 

where 0' is thermal diffusivity, defined by 0' = K/Cp (where K is 
thermal conductivity, C is specific heat, and p is density), and T 
is temperature. This equation describes the conversion of heat 
into temperature and the temporal and spatial distribution of this 
temperature as a function of time. 

The cases considered here are shown in the figure. In Case 1, 
the sample is heated uniformly on the surface, and the tempera
ture diffusion is one-dimensional in the z direction. The surface 
temperature increases as ti ll for a continuous heat source on a 
semi-infinite specimen. For specimens of finite thickness, the 
analysis is more involved because thermal interactions with 
subsurface boundaries must be considered. This surface tempera
ture-time response is analyzed using the thermal models de
scribed in this appendix to infer information about the subsur
face heat source and the properties of the adjacent medium. For 
specimens that are partially infrared transparent, the thermal 
diffusion equation is till valid, but the radiated energy is a more 
complex function of emissivity and temperature profiles of the 
specimen. This case will not be discussed here. 

ONE-DIMENSIO AL MODEL 

For a thin absorbing subsurface region whose lateral extent is 
much larger than its depth l, thermal diffusion occurs mainly in 
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Specimen geometries for the one-dimensional (Case 1) and three
dimensional (Case 2) analyses of time-dependent temperature 
distributions. 

the z direction (see the figure) and can be considered one
dimensional, assuming uniform heating. In a one-dimensional 
solution of Eq. Al for a planar heating source at depth l, we 
obtain, for the surface temperature, 11 

T(O,t)=Qo- - exp -- --erfc -- , (A2) -J(i r 2 
t ( II J l (l J] 

K --fi 40' t .ra 2.J(ii 

where the error function erfc is given by 

2 00 2 
erfc(x) = - f dL 

--fix 
(A3) 

and Qo is the heat generated by the incident microwave power. 
To describe a layered system as shown in the figure, where heat 

is generated at the boundary between two layers of different 
thermal properties, we use the boundary conditions of continuity 
of temperature and heat flux,j = - KdT/dz, across the interface at 
depth l. The solution can be described as being equivalent to 
successive reflections of the temperature at the interfaces at 
multiples of the diffu ion time, and the surface temperature is 
given byl l 

This solution is a summation over all "reflected" temperatures 
found in Eq. A2. Here the thermal mismatch factor r 1 is given 
by r 1 = (El - EO)/(El + EO), and the thermal effusivity Ei, a 
quantity similar to an impedance, is given by Ei = .:JKiciPi . The 
temperature rise reaches the surface after a thermal transit time 
7 , given by 7 = l/ Fa, which allows the depth l of the defect or 
the thermal diffuslvity 0' of the front layer to be determined. If the 
absorbing layer is of finite thickness d, with a microwave absorp
tion coefficient {3, both the thickness of the absorbing layer and 
its absorption coefficient influence the time dependence of the 
temperature. For an absorbing layer of thickness d, the surface 
temperature is given by 

2nd + (2n+1)l ,t] 
K[ n=O .[cil Fa 

+ G[-.[cil{3, (2n + 2)d + (2n + 1)l , t] 

fol Fa 

- e -f3dG[.[cil {3, (2n + 1)(_d_ + _1_J ' t] 
.[cil Fa 

- e -f3dG[-.[cil {3, (2n + 1)(_d + _l J ' t]} , 
fol Fa 

(AS) 
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where 

G(h,x,t) = !exp(hx + h2t)erfc ( _ x_ + h tJ 
h 2--Jt 

temperature becomes important and a one-dimensional model is 
no longer sufficient. For a point source buried at a depth land 
heated continuously, the surface temperature at position x, y is 
given byll 

and 

+ 2--Jt exp( - x
2 

J -(x + !Jerfc(~J ' -J7r 4t h 2--Jt 
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(A6) 

(A7) 

Qo (~x2 +i +l2 J 
T(x,y,t) = ~2 2 2 erfc ~ . 

47rK x + y +l -v 4at 
(AS) 

This solution allows the surface temperature to be calculated for 
arbitrary source (absorber) distributions. For an infinite line 
source with continuous heating buried at a depth l and heated 
uniformly, e.g., the embedded carbon fibers, the solution ofEq. 
Al is given by 

~=-_o-Ei-~ 
For strong absorption , when {3 becomes infinite, Eq. AS reduces 
to Eq. A4. Equation AS can be used to determine {3 in specific 
cases. 

-Ud Q ( 2 l2 J 
u 47rK 4at' (A9) 

(x 2 +12 )/4cxt 

f 
where Ei(x) is the exponential integral. This expression depends 
on only one parameter, (x2 + l2)/a, in a tabulated elementary 
function. Therefore, both the time dependence and the spatial 
dependence of the temperature distribution can be fitted to Eq. 
A9 to evaluate (x2 + l2)/a and determine l and a independently. 

THREE-DIMENSIONAL MODEL 

When the depth of the subsurface ab orber is larger than its 
lateral ex tent (see Case 2 in the figure), the lateral diffusion of 
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