DONALD R. THOMPSON

INTENSITY MODULATIONS IN
SYNTHETIC APERTURE RADAR IMAGES
OF OCEAN SURFACE CURRENTS AND THE
WAVE/CURRENT INTERACTION PROCESS
The physics that determines the perturbation of the ocean surface-wave spectrum due to the presence of a slowly varying surface current is examined. In the limit of Bragg scattering, this perturbation is related to the intensity modulation in radar backscatter from the ocean surface. Using
ground-truth data obtained from recent experiments as input, we compute the expected modulation
at L and X band and compare the results with the observed modulation from concurrent synthetic
aperture radar images. At L band, the comparison is found to show good agreement; at X band,
a more complicated two-step mechanism must be invoked.

INTRODUCTION
During the past decade or so, rapid advances in the
field of remote sensing have enabled us to examine
many interesting properties of the ocean surface. In
particular, the development of synthetic aperture radar (SAR) has provided an extensive and rich database for studying a wide variety of oceanographic
phenomena, an excellent description of which is given in Ref. 1, along with images showing such mesoscale features as major current boundaries, warm and
cold water eddies associated with the Gulf Stream, and
surface manifestations of the bathymetry.
Because of the large number of uncontrollable and
unmeasured parameters during a SAR overflight, it is
usually not possible to determine which of many possible mechanisms is responsible for producing the features that are visible on the SAR images. Recently,
however, APL has been involved in experiments designed to obtain relevant ground-truth data concurrently with the SAR overflight in order to understand
some of the possible imaging mechanisms. In particular, the SAR Signature Experiment (SARSEX) (which
is described in the article by Gasparovic et al. elsewhere
in this issue) is concerned with understanding the SAR
imaging mechanism for internal waves.
In Fig. 1, we show X-band (fR = 9.35 X 10 9
hertz) and L-band (fR = 1.25 X 10 9 hertz) SAR images of internal waves taken in the late summer of 1984
in the New York Bight area off the eastern United
States coast. The waves are generated by tidal flow
over the continental shelf break about 150 kilometers
southeast of Long Island. The research vessels that collected ground-truth data can be seen as bright spots
near the bottom of the images. Since the 10 9 hertz
microwave radiation from the SAR penetrates only a
few centimeters into seawater, it is clear that the bright
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and dark streaks in these images are caused by some
surface manifestation of internal waves. Furthermore,
the mean surface displacement arising from the passage of the internal wave is much too small to be resolved by the SAR. It is, in fact, the horizontal surface
velocity field of the internal wave interacting with the
surface waves that is responsible for the SAR backscatter modulation seen in Fig. 1. This interaction
results in a modulation in the surface-wave displacement spectrum. Because the SAR is sensitive to surface roughness on scales of the order of the radar
wavelength, modulations of the surface spectrum at
these scales by the internal wave surface currents produce the intensity modulations seen on the SAR
images.
It is the purpose of this article to develop a more
precise description of the wave/current interaction process. In the next section, it will be shown how the degree of modulation in the wave-height spectrum of the
surface waves is related to the properties of the surface current field; how this modulation is related to
the observed intensity modulations in the SAR image
will also be discussed. Finally, we will return to our
discussion of Fig. 1 and attempt to describe quantitatively the magnitude of the observed modulations on
the basis of our understanding of the wave/current interaction process.

WAVB/CURRENT INTERACTION THEORY
W ave/ current interaction theory has been discussed
in many books and articles over the past years. One
should see, for example, Refs. 2 through 6 and the
references contained therein for a thorough treatment
of the problem. We present here a brief development
based on the geometrical techniques of ray theory and
the stationary phase approximation, which is an asymptotic representation of dispersive wave fields.
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The k value that satisfies Eq. 3, ks = kAx,t), defines
the point of stationary phase. For slowly varying G(k)
and w" (k) ~ 0,
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Note that Eq. 4 has the form of a plane wave but with
amplitude, wave number, and frequency that are slowly varying functions of x and t.
By analogy with the plane wave case, we may define the local wave number and frequency associated
with Eq. 4 as
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which is known as the conservation of wave crests.
This kinematic condition states that when no local
sources are present, the rate of change of the wave
number is balanced by the flux of wave crests past a
given point; thus, crests are conserved. If we write the
dispersion relation as

w = Wo [k(x,t), A(X,t)] ,
USNS Bartlett

Azimuth

Figure 1-Concurrent X- and L-band SAR images of internal
waves recorded during the SARSEX.

(8)

where the additional space-time dependence specified
by A(x,t) allows for nonuniformity in the medium, Eq.
7 may be written as

o

(9a)

A general description of a linear dispersive wave
field, HX,t), can be written as

~(x,t)

1

G(k) exp Uk • x - w(k)t] dk ,

where
G(k)

= (2.y'
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Hx,O) exp [-ik • x] dx ,

(\)

(2)

and w(k) is the dispersion relation between wand k.
In the limit of large x and t, Eq. 1 may be solved approximately by recognizing that for slowly varying
G(k), the main contribution to the integral comes from
the region in k space that satisfies
V k [k • x - w(k)t] = O.
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(3)

(where repeated indices are summed). We now notice
from Eq. 3 that the point of stationary phase propagates with a velocity C g given by

(9b)

which is known as the group velocity and, in fact, determines the spatial position at which Eq. 4 is valid
for a particular k s • Using the group velocity and the
fact that V x k = 0 (see Eq. 6a), we may rewrite Eq.
9a as
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and, by differentiating Eq. 8 with respect to time, we
obtain
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the left-hand sides of Eqs. 10 may be written as total
time derivatives. These curves are called rays, and from
Eqs. 10 one can see that for a homogeneous, timeindependent medium ('J.... = constant), k and ware constant along a ray.
For waves propagating in a moving medium for
which the current velocity U(x,t) varies over scales that
are large compared to the wavelengths and periods of
the waves, the frequency measured by a stationary observer is Doppler shifted to
w
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and the point of stationary phase now propagates
along the curve defined by
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Equations 15 define ray trajectories or characteristics
in four-dimensional phase space; it will be shown in
the following paragraphs that the nature of the trajectories determines how energy is transported over the
fluid surface.
We turn our attention now to the dynamical conditions that govern energy propagation. Let 8(x,t) be the
average energy density in the wave field described by
Eq. 4 (averaged over time and space scales O(I/w) and
O(1/k)). Then the total wave energy between points XI
and X2 is given by
(16)
where we consider the one-dimensional case for simplicity. Ray trajectories with associated group velocities C gI and C g2 may be found that pass through XI
and X2' respectively. Then,
since XI = Cit
and
.
g
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For a uniform medium with no current, the wave energy is conserved, i.e., dE/dt = 0, and we may write

Equations 10 then take the form

a8
at + v • (C g 8) = 0 ,

(18)

(14a)
and

aw
aw
at + (Cgj + U) ax .
J

(14b)
Note that as in the no-current case, Eqs . 14 may be
written as total time derivatives along the rays defined
by Eq. 13. For the case of a uniform medium
('J.... = constant) with a slowly varying current U(x,t),
the kinematic conditions on k and w (within the context of the stationary-phase approximation) are determined by the known dispersion relation (e.g., Eq. 8)
and the coupled system of equations

dx;
dt
348

(15a)

where we have reverted back to vector notation. From
this equation we see that the energy is transported at
the group velocity. Also, for a uniform medium with
no currents, V • C g = 0, and the energy density remains constant along a ray trajectory.
Equation 18 may be generalized to the case of a
nonuniform medium-in particular, to the case where
a slowly varying current U(x,t) is present. This is most
easily accomplished using variational methods 3,4
and, in fact, leads to a new conservation equation for
the quantity 8/ wo, called the wave action, of the
form

~
(~)
at
Wo

+

V • [(C g

+ U)

~]

O.

(19)

Wo

In this equation, Wo is the intrinsic frequency in a local rest frame and C g = V k Wo. Equation 19 holds
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for waves propagating in a medium whose properties
are slowly varying compared to the waves, when no
sources or sinks of energy are present. By separating
out the Wo variations, we may rewrite it (assuming a
uniform medium, A = 0) as an energy balance equation of the form

nition of the action spectral density in Eq. 21, we
obtain

af,
at

which relates the action spectrum to the wave-height
power spectrum. Thus, the conservation of action
equation also describes the behavior of the surfacewave spectrum. In particular, when no currents are
present, k (and hence wo) is constant and, therefore,
according to Eq. 22, so is the power spectrum. When
currents are present, the waves and current interact,
and the surface-wave power spectrum is modified by
the current field.
Up to this point, we have neglected sources or sinks
of wave energy in our discussion . We know, however, that when a constant wind begins to blow on the
smooth sea surface, surface waves develop-short
waves at first, then longer and longer-until an equilibrium wave-height spectrum is reached and no further wave growth occurs. The equilibrium occurs when
the energy input is balanced by dissipation effects. If
the equilibrium is disturbed, for example, by a local
surface current, the wind-dependent source/sink term
will tend to force the spectrum back toward equilibrium. Therefore, in order to generalize the conservation
of action as developed above, a source/sink term is
required in order to account for the wind effects. The
form of this term is a topic of current research and
remains controversial (see e.g., Refs. 5, 7, and 8 and
the references cited therein). In the present study, we
adopt the source term described by Hughes 8 and recast Eq. 22 as an action balance equation in the form
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(20)
Comparing Eq. 20 with Eq. 18, we see that when a
surface current field U is present, the surface waves
interact with the current via the term on the right side
of Eq. 20. It is this term that generates the wave/current interaction. Note that when U is constant, there
is no interaction and Eq. 20 takes the form of Eq. 18
with f, transported along the ray trajectories with velocity C g + U.
The result given by Eq. 19 may be modified to describe a general wave field by writing the wave action
in terms of its spectral decomposition. If we define the
action spectral density N(k;x,t) by

=

A

I

(21)

N(k;x,t) dk ,

where A is the total action, it can be shown (see e.g.,
Ref. 5) that when no sources or sinks of energy are
present,
dN

aN
at

dt

(22)

+ (C g + U) • V N = 0 ,

where N(k;x,t) may vary slowly in space and time because of the presence of the current field U. Equation
22 states that (when no sources or sinks are present)
the action spectral density N is constant along a ray
trajectory, even when a surface current field is present. Note that this is not true, in general, for the total
action A, which obeys Eq. 19. Equation 22 expresses
conservation of wave action.
The total wave action A is related to the surfacewave-height power spectral density S(k;x,t) by

A(x,t)

=

pg

I

[1

+ (k/k m )2] S(k'x t) dk
wo(k)

, ,

(23)
,

where the (k/ k m )2 term is due to the effects of surface tension and Wo is given by the gravity-capillary
dispersion relation

In these equations, g is the acceleration of gravity; the
fluid density, p, is assumed to be constant; and
k m = 363 radians per meter. From our previous defiJohns Hopkins APL Technical Digest, Volume 6, Number 4
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[
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- {3(k)N(k,x,t) 1 ,
dt
Neq(k)

(25)

(26)

where the time dependence of k and x is given by Eqs.
15, and Neq(k) represents the equilibrium (no-current)
action spectrum that is independent of space and time.
Note that the source/sink term on the right side of Eq.
26 is zero when N = Neq and positive (source) or
negative (sink) depending on whether N is less than
or greater than N eq , respectively. Consequently, the
source/sink term always tends to force N toward its
equilibrium value N eq . The strength of the forcing is
determined by the function ,B(k), the so-called relaxation rate. Since shorter surface waves respond more
quickly to changes in the wind, {3(k) is an increasing
function of Ik I, and for fixed k, {3(k) increases with
wind speed. There is, however, considerable uncertainty as to its exact functional form (see e.g., Refs.
8 and 9).
With the time dependence of k and x given by Eqs.
15, Eq. 26 is a first-order nonlinear differential equation for N. For N > 0, we may use the transformation Q = 1/N to write Eq. 26 in the form
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dQ

dt

(27)

+ {3Q = (3Qeq ,

where Qeq = 11N eq . The solution to this equation
may be written as
0.1

:0

Q(k;x,t)

c:
o
u
~

o exp [-

...

L

Q)

J3(k

N
)

dt

N

J

a.

dt' ,

(28)

where the primes and double primes on the k and x
vectors correspond to the primes and double primes
on the corresponding integration variables. Note that
for (3(k) = 0, Eq. 28 yields the conservation of action
result Q[k(t);x(t),t] = Qeq[k(-oo)] as it should. We
may now use this equation to determine the change
in wave-height spectral density relative to the equilibrium value. In particular, using Eq. 25 to relate S to N
(and our transformation Q = liN), we obtain
S(k;X,t)
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Figure 2-k-dependence of the surface-wave relaxation rate,
{3 . The {3 curves are for wind speeds, Vw , of 3 and 6 meters

per second and wind directions, </J, with respect to k of 0 and
60 degrees. The parameterization of (3(k) is that of Hughes. 8

second blowing along the direction cP of 0 degrees, and
3 meters per second for cP = 60 degrees. Note that for
all cases shown, (3(k) increases relatively slowly for
k ;;::: 60 radians per meter but begins to decrease rapidly for k :5 60 radians per meter.

r"

J

J3(k N) dt N dt' ,

INTENSITY MODULATION
IN SAR IMAGES OF INTERNAL WAVES
(29b)

Equations 29 enable us to express the perturbation of
the surface-wave-height spectrum for a particular k
value at a specified spatial location as a function of
the local surface current field, a specified equilibrium
spectrum, and the relaxation rate (3(k).
In the following section, we discuss the results of
our attempts to predict the intensity modulations observed in the SAR images of Fig. 1 using the wave/current interaction theory discussed above, with the
measured internal-wave surface currents as input. In
obtaining the results, we assume that the equilibrium
wave-height spectrum Seq (k) is given by the modified
Pierson spectrum described in Ref. 10, with a
cos 4 [(8 k - 8w )/2] angular dependence, where 8k and
8w specify the k and wind directions, respectively.
This empirical spectrum provides a reasonable representation of spectral measurements over a wide range
of Ik I including the gravity-capillary and the capillary
ranges. For the k values of interest in our study, the
spectrum falls roughly like k- 4 • Also, we have chosen
for the relaxation rate (3(k), the parameterization given by Hughes. 8 The k dependence of (3(k) is shown
in Fig. 2 for wind speeds (Vw) of 3 and 6 meters per
350

0.01

(29a)

where

oexp [-

vw = 3 meters per second

<:Q.

Figure 1 shows L- and X-band SAR images of the
surface manifestation of internal waves propagating
toward the top (range direction) of the image. Each
image spans about 5 kilometers in azimuth and about
6 kilometers in range, with the spacing between the
four brightest waves at the top of the scene measuring about 0.5 to 1.5 kilometers. The SAR incidence
angles to these waves range from around 25 to 47
degrees, which corresponds to Bragg wave numbers,
k8 (equal to twice the projection of the radar wave
number on the horizontal surface), of about 22 to 38
radians per meter for L band and about 166 to 287
radians per meter for X band. The research vessel
USNS Bartlett can be seen clearly near the bottom center of each image, and the smaller vessel R/V Cape
is the dim point seen most easily in the X-band image
to the right and below Bartlett. The vessels collected
ground-truth data by traversing the waves on parallel
tracks toward the top of the scene about 15 minutes
after the images shown in Fig. 1 were taken. The wind
velocity was relatively constant at 6 meters per second
toward an angle of 145 degrees with respect to the internal wave propagation direction (toward the top of
the scene). One can easily see bright and dark streaks
associated with each of the large waves in the L-band
image but only bright streaks for the X-band case.
Johns Hopkins APL Technical Digest, Volume 6, Number 4
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The relative modulation in the SAR intensity along
the track of Bartlett is shown for X band in the upper
plot of Fig. 3 and for L band in the lower plot. Both
curves were obtained by averaging the SAR intensity
over about 140 meters in the horizontal direction (azimuth), smoothing over about 30 meters along track
(range), and normalizing so that the background intensity is unity. The peaks labeled waves 1 through 4
on the plots correspond to the first through fourth
waves from the top of the appropriate image in Fig.
1. One can see from Fig. 3 that the enhancement in
reflectivity (modulation greater than 1) for these four
waves is nearly the same at L and X bands, while only
the L-band return shows a definite region of reduced
reflectivity (modulation less than 1) associated with
each wave. Also, note that the position of the maximum modulation for each wave occurs at roughly the
same distance from the ship at both L and X bands.
An acceptable theory of the SAR imaging mechanism
should account for each of these observations.
For the radar frequencies and incidence angles such
as those in SARSEX, the radar backscatter from the
ocean surface is given by the small perturbation or
Bragg scattering limit, 11,12 where the radar cross section is proportional to the sum of the surface-wavedisplacement power spectral densities S(k,x) at the
Bragg wave numbers ± k B • Thus, for range-traveling
waves such as those shown in Fig. 1, the SAR intensity modulation M(k B ,x) (or relative intensity) is given
by

M(kB,x)

S(kB,x) + S(-kB'X)
Seq (k B)

+

(30)

Seq (-kB)

3.0

where both M and S are functions of position due to
the presence of the surface-current field as discussed
above.
We now use the measured surface currents and
winds from SARSEX as inputs to the model described
previously and compare the calculated intensity modulation with that measured from the SAR image. The
surface currents were determined by using shipboard
echo-sounder measurements of the internal-wave amplitude and towed-chain measurements of the thermocline displacement in conjunction with internalwave theory 13 to construct analytic representations
for the surface current associated with the waves.
These currents were found to agree with direct measurements from the shipboard current meters and can
be represented by the function Uo sech2 [K(x - CIt)].
Typical values for the current Uo and peak current
gradients for the waves shown in Fig. 1 are about 0.3
to 0.6 meter per second and 0.002 to 0.008 inverse second, respectively.
In Fig. 4, we show a comparison of the measured
L-band intensity modulation over waves 2, 3, and 4,
as described earlier, with the predictions from the
wave/ current interaction model. The model results
shown by the colored curve in the upper plot in Fig.
4 were obtained using the analytic representation for
the internal-wave surface currents, while those in the
lower plot were computed directly from the shipmeasured currents. In both cases, we have used the
measured wind velocity (6 meters per second at
cp = 145 degrees relative to the internal-wave propagation direction), Hughes relaxation rate,8 and the
modified Pierson .equilibrium height spectrum 10 discussed previously. For the wind velocity and Bragg k
values of interest here, only waves with k = -kB contribute significantly to Eq. 30. One can see from Fig.
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Figure 3-Relative intenSity traces along the Bartlett track.
Note that the large signal from Bartlett has been clipped at
a relative intensity of 3.
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Figure 4-Comparison of the measured (black curves) and
computed (colored curves) relative L-band intensity modulation for waves 2 through 4. The colored curve in the upper
plot shows the calculated results obtained using an analytic representation of the internal-wave surface current in the
vicinity of each wave. The colored curve in the lower plot
shows the calculated results using the currents measured
by the shipboard current meter.
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4 that although the calculation somewhat underestimates the measured L-band modulation, the general
agreement is quite encouraging. Note in particular that
the calculated modulation reproduces the enhancement
and reduction with nearly the same spatial variation
as was observed in the measured data. We have also
found that the computed modulation is roughly
proportional to the horizontal current gradient, in
agreement with the theory of Alpers. 14 Thus, within
the experimental uncertainties in the exact value of the
relaxation rates, we feel that the wave/current interaction theory outlined above can adequately explain
the L-band SAR imaging of internal waves.
The situation at X band is not as clear. Application
of the theory to compute the modulation of the Xband Bragg waves (A ~ 3 centimeters) for the internal waves in Fig. 1 yields peak modulations of only
a few percent of the background intensity as opposed
to 20 to 50 percent at L band. Qualitatively, this occurs because the shorter X-band waves respond much
more quickly to the wind than do the L-band waves.
Thus, the relaxation rate in the X-band region is significantly larger and the source term in Eq. 26 is more
effective in forcing the spectrum toward equilibrium
than at L band. However, the measured X-band data,
as shown by the upper plot in Fig. 3, show enhancements in the SAR intensity of the same order as those
observed at L band and little reduction in intensity.
These observations seem to indicate that although the
presence of the internal-wave surface current does indeed produce enhanced roughening of the surface at
X-band scales, the roughening is not due to direct
modulation of X-band Bragg waves as described by
Eq. 26. It is well known, however, that as gravity
waves steepen to near the breaking point, they begin
to lose energy by generating patches of small-scale
roughness and by wave breaking. 5 We are therefore
led to the hypothesis that the observed X-band modulation results from a two-step process in which increased small-scale roughening is generated as a result
of the perturbation of the dominant wind waves by
the internal-wave surface-current field.
In order to substantiate our hypothesis, we have
computed the perturbation of the longer wavelength
components of the surface spectrum by the measured
internal-wave currents. Results for the internal wave
3 (as named above) surface current are presented in
Fig. 5 for wavelengths ranging from 0.21 (L band) to
271" meters; the family of curves between A = 271" and
A = 0.271" corresponds to wave numbers between 1 and
10 radians per meter in steps of 1 radian per meter.
The propagation direction for each wave number was
taken to be opposite the internal-wave propagation
direction at an angle of 35 degrees with the wind (i.e.,
along -kB as for the L-band wave). One can see from
the plot that the position of maximum perturbation
for the longer waves is near the peak of the internalwave surface current (shown in the upper plot of Fig.
5). As the wavelength decreases, the position of this
maximum shifts toward the position of the maximum
(negative) gradient (shown in the middle plot in Fig.
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and current gradient determined for wave 3 with that of the
computed spectral modulation at several different
wavelengths.

5). There are, moreover, peak modulations of between
two and three times the equilibrium value throughout
this entire region of the internal-wave phase. Although
we cannot yet estimate quantitatively the degree to
which the surface roughness is affected by the modulation of the longer meter-scale waves, it seems likely
that it is large enough to cause a significant increase,
for example, in the density of parasitic capillary waves
or small-scale locally breaking waves to account for
the observed increase in the X-band SAR return. The
region of large modulation occurs between the peak
internal-wave current and the peak (negative) current
gradient, roughly the same location as for the maximum L-band perturbation. This is consistent with the
observation from the data that the maximum L- and
X-band modulation occurs at roughly the same position. In fact, the modulation of the longer waves
should also produce additional L-band scatterers, perhaps explaining the slight underprediction of the maxima in the L-band SAR signatures discussed earlier.
Finally, we see from Fig. 5 that there is an extended
region where the meter-scale waves show a modulation less than unity. In that region, there should be
no additional production of small-scale roughness via
the two-step process discussed above, and the magnitude of the X-band Bragg components should therefore be comparable to their equilibrium value, thereby
explaining why no noticeable dark bands, such as those
observed at L band, are visible on the X-band images.

CONCLUSION
We have presented a brief discussion of the process
by which surface waves are affected by the presence
of local surface currents. In particular, we have developed a wave/current interaction model that can be
Johns Hopkins APL Technical Digest, Volume 6, Number 4

D. R. Thompson -

Intensity Modulations in SAR Images of Ocean Currents and the Wave/Current Interaction

used to predict the modulation of the surface-waveheight spectrum as a function of position in a variable
current field. With the assumption of Bragg scattering, the modulation evaluated at the Bragg wave number should be proportional to the intensity modulation
in a SAR image of the current feature.
These ideas have been tested by using ground-truth
measurements from SARSEX as inputs to the wavel
current interaction model in order to compute the
modulation of the surface-wave spectrum. With the
assumption of Bragg scattering, the modulation at the
Bragg wave number is proportional to the SAR intensity modulation. We have found, using the relaxation
rate (3(k) of Hughes, that the predicted modulation at
L band shows good overall agreement with measured
data, although the magnitude of the predicted modulation is generally lower. Also, we have found that the
predicted L-band modulation is roughly equal to
-4.5 n oUlox[l/{3(k B )]. This means that the L-band
modulation measurements and a knowledge of the
horizontal current gradient could, in principle, be used
to determine (3(k B ). Alternatively, knowledge of the
L-band modulation and (3(k B ) could be used to determine the current gradient.
The measured SAR modulation at X band showed
regions of enhanced intensity of the same order and
at nearly the same positions as those observed at Lband, an enhancement that was almost an order of
magnitude larger than that predicted by direct application of the wave/current interaction model to the
X-band Bragg waves. However, the model predicts
that the dominant wind waves show a maximum enhanced modulation two or three times the background
level at roughly the same position in the internal-wave
phase as the L-band peak. This finding has led to the
speculation that the X-band modulation is directly connected to the small-scale roughness produced as a result of the modulation by the internal-wave current of
the longer (more than a meter) wind waves, rather than
by direct modulation of the X-band Bragg waves. We

hope to strengthen this speculation by further analysis of additional SAR imagery under different environmental and imaging conditions where the character of
these longer wave modulations can be quite different.
The results of these analyses should add significantly
to our growing understanding of the physics that
governs SAR imaging of ocean surface currents.
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