
a METHOD 

of ANALYSIS 

for CLAMPED·FREE 
R. M. Rivello and T. M. Rankin 

Thin-walled cylindrical shells in missile structures are 

CYLI NDRICAL 
subjected during flight to non-axial symmetric load and 

temperature distributions. Deflection analysis under such 
loads, in the case of ramjet- and turbojet-powered vehicles, 

is complicated by clamped-free boundary conditions and non-
uniform shell thickness of such engine structures. This paper discusses 

S H E L LS 
a method of deflection analysis for a clamped-free cylinder when loads 
and temperatures are symmetrically distributed about planes passing 

through the axis of the cylinder and for shell thickness variations along its axis. 

T hin-walled shells have found widespread use 
in aerospace, naval, and pressure-vessel struc

tures because of their high strength-to-weight ratios 
and ease of fabrication. In flight vehicles particu
larly, where minimum weight is of utmost impor
tance, large portions of the airframes are of this 
type of construction. Engine and body structures, 
for instance, are usually shells of revolution. 
Unlike most pressure vessels where load and tem
perature distributions are uniform or rotationally 
symmetric, flight structures are frequently sub
jected to loads and temperatures that vary in both 
the circumferential and longitudinal directions. 
Such a situation arises in a missile flying at an 
angle of attack. 

In ramjet-powered missiles in particular, it is 
necessary to be able to predict accurately the de
flections of the lip of the inlet since the perform
ance of the engine is strongly influenced by small 
changes in the inlet geometry. In addition to the 
complicatiorts arising from the lack of axial sym
metry of the loads and temperatures, the wall 
thickness often varies in the longitudinal direction. 
While there is an extensive literature on shells of 
revolution of constant thickness subjected to uni
form or simple forms of rotationally symmetri<; 
loading, relatively little has been published on 
unsymmetric loadings. The case with clamped-
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free* boundary conditions, which occurs in the 
inlet and tailpipe of ramjet- and turbojet-powered 
vehicles, does not appear to have been treated at 
all. 

In this paper we summarize a method of deflec
tion analysis for clamped-free cylinders under the 
action of load and temperature distributions that 
are symmetrical about a plane passing through the 
axis of the cylinder. This is drawn from a more 
detailed development of the theory and description 
of the analytical procedure that has been pro
grammed for the IBM 7094 computer. 1 

Method of Analysis 

The geometric notation and coordinate system 
for the clamped-free circular cylinder with a lon
gitudinally varying wall thickness is shown in 
Fig. 1. It is assumed that both the loading and 
temperature distribution are symmetrical about a 
plane passing through the axis of the cylinder and 
that () is measured from this plane. The case in 
which more than one plane of symmetry exists is 
treated in Ref. 1. Closed-form solutions for the 

* Clamped at one end and free at the other. 

1 R. M . Rivello and T. M. Rankin, Analysis of Clamped-Free Cylin
drical Shells Under the Action of Nonaxisymm etric Loads and 
Temperatures, ' The Johns Hopkins University, Applied Physics 
Laboratory, CF-3021, Mar. 8, 1963. 
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Fig. I.-Geometry and coordinates for a circular 
cylinder. 

deflections are not possible because of the arbi
trary nature of the load, temperature, and thick
ness varia tions ; it is therefore necessary to resort 
to approximate m ethods. 

The analysis makes use of variational methods. 
In particular, it is based upon the Rayleigh-Ritz 
method used in conjunction with the principle of 
the stationary value of the total potential. 2 In this 
method the total potential energy ( the sum of the 
strain energy of the structure and the potential 
energy of the applied forces) is expressed in terms 
of the displacements of the structure. These 
displacements are, in turn, related to a set of 
generalized coordinates. The m agnitudes of the 
generalized coordinates are found from the condi
tion that, for equilibrium to exist , the total poten
tial energy must h ave a stationary value for any 
arbitrary varia tion of the generalized coordinates. 

For the case a t hand, the str.ain energy of the 
shell may be written as 

(1 ) 

where U F is the energy associated with the strain 
due to the applied forces :! 
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and U T , the strain energy resulting from the 
thermal strain, is 

2 N. J . Hoff, Th e Analysis of Structures, John Wiley and Sons, Inc. , 
Tew York, 1956. 

3 V. V . Novozhilov, Th e Th eory of Thin Sh ells, P. Noordhoff, Ltd ., 
Grominger, The Netherlands , 1959. 
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In these equations, E is the modulus of elasticity 
and v is Poisson's ratio of the materia l. Subscripts 
1 and 2 refer to the longitudinal and tangential 
directions. For a thin shell , 

aE 1~ N r(x, (J ) = -1-- T(x, (J, z) dz , 
- v _!': 

and 
(4) 

M T\X, e) = 1 OI! v 1: T (x, e, z) zdz, 

where ex is the coefficient of expansion and 
T (x, 8, z) is the change in temperature from its 
initial value. 

The normal strains El and Ez and the shearing 
stra in w are rela ted to the displacements u, v, and 
w of the middle surface of the shell (Fig. 1) by 
the relationships3 

1 au w 
€ 2 = -;; ao + -;;, 

and (5) 

Similarly, the curvatures K l and K 2 , and the twist 
'T of the middle surface are given by:! 
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Fig. 2.- Test cylinder dimensions, showing (A) over
all dimensions of the cylinder, and (B) the average 
wall thicknesses of particular segments. 
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and 
T = _ !(~ _ av) 

a axao ax· 

(6) 

By substituting Eqs. (2 ) and (3) into Eq. (1) 
and then using Eqs. (5) and (6), the strain energy 
may be expressed in terms of the displacement 
functions u) v) and w. The potential energy of the 
applied forces may also be written in terms of these 
quantities. For a distributed loading having com
ponents with intensities P1, Pz, and pz in the direc
tions x) B, and z) the potential energy is 

The potential for concentrated forces is 

v = - L (Pr, iUi + P2 ,1:Vi + PZ,iW 1-), 
i 

(7) 

(8) 

where PI , i, Pit, i, and Pz , i are the components of 
the ith force and Ui ) Vi) and Wi are the components 
of the displacement at the point of application of 
the forc e. If both distributed and concentrated 
loads act simultaneously, the potential of the forces 
is the sum of Eqs. (7) and (8). The total poten
tial of the system is obtained by adding U and V . 

In the Rayleigh-Ritz method the displacements 
are approximated by a series, each term of which 
must satisfy the displacement or essential boundary 
conditions, which in this case are 

aw 
u= v = w = -=o ax at x = o. (9) 

In addition, for the particular case under discus
sion, the deflections must be symmetrical about the 
planes of loading and thermal symmetry since the 

Fig. 3.- Test cylinder, with the support for the 
clamped end. 
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Fig. 4.- Laboratory setup for testing a clamped-free 
cylinder. 

structure itself is axisymmetric. Series which satisfy 
the above conditions are 

N N ()m 
U = ~ ~ amn 2 cos(nO), 

and 

w = ];, ~ cmn(~r cos(nO), 

if B is measured from this symmetry plane. The 
total potential (U + V) may be expressed in terms 
of the coefficients a III n) bn ln and C lll n by means of 
Eqs. ( 10) . These coefficients can be considered to 
be generalized coordinates of the system since they 
prescribe the deflections. From the principle of the 
stationary value of the total potential, ( U + V) 
must not change during any virtual displacement. 
If the virtual displacements are obtained by taking 
variations in amrr ) bill 11) and C IIIII ) this requires that 

a(u + V) = 0 
aamn ' 

a(u + V) 
- - --- 0, 

(11) 

and a(u + V) = o. 
aCmn 

Equations (11) result in a set of simultaneous, 
linear, algebraic equations that can be solved for 
the alll n ) bmn) and C llm which may then be substi
tuted into Eqs. ( 10) to give the displacements fo r 
any x and B. 

The entire computational procedure that has 
been outlined above has been programmed for 
machine computation on the IBM 7094 for arbi
trary shell dimensions and for load and thermal 
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apparatus is given in Fig. 4. A radial load was 
applied successively at locations with xl L equal 
to 0.1, 0.2 , 0.6 and 0.9875. (See Ref. 1). 

Results 

Typical theoretical and experimental results are 
shown in Figs. 5 and 6; note the difference in the 
vertical scales in these two figures. We see from 
these figures that the theory gives deformation 
modes that are similar in shape to those of the 
experimental data. However, in all cases the theory 
underestimates the maximum deflection. This 
would be expected from the Rayleigh-Ritz method 
because of the truncation of the series (Eqs. 10 ) 
that are used to approximate the solution. We 
believe that some of the difficulty also lies in the 
shell theory that was used since it does not include 
transverse shear deformations that are probably 
significant in the concentrated loading region. 

From Fig. 5 it is observed that the agreement 
between theory and experiment is very good when 
the load is applied in the vicinity of the free end. 
However, agreement becomes progressively poorer 
as the load is moved toward the clamped end, as 
seen in Fig. 6. The deflection variation in the lon
gitudinal direction is smooth for the load near the 
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Fig. 5.-Comparison of theoretical and experimental 
results for a unit load applied at x/L = 0.9875, with 
the deflection (A) at x/L = 0.9875 versus the 
circumferential coordinate, and (B) at (J = 0 versus 
the longitudinal coordinate. 

distributions. Details of the program, which .also 
computes stresses and angular displacements, may 
be found in Ref. 1. Machine running time for 
N in Eqs. (10), with N = 15, is ~0.6 min. 

Description of Tests 

In order to obtain a comparison between the 
theory and the actual physical problem, tests were 
performed at uniform temperatures on a cylinder 
that was loaded by a single concentrated radial 
force. It is felt that the concentrated load provides 
a severe test of the theory. The dimensions of the 
test cylinder, having a thickened region at the free 
end, are shown in Fig. 2. The method of clamping 
is shown in Fig. 3, and an overall view of the test 
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Fig. 6.-Comparison of theoretical and experimental 
results for a unit load applied at x/L = 0.2, with the 
deflection (A) at x/L = 0.2 versus the circumfer
ential coordinate, and (B) at (J = 0 versus the longi
tudinal coordinate. 
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free end but becomes more abrupt and localized 
for the load close to the clamped end. It would 
be expected, therefore, that for equivalent accu
racies, N in Eqs. (10 ) would have to have a larger 
value for a load near the clamped end than would 
be required if the load were near the free end. It 
was found, however, that the conditioning of the 
simultaneous equations that must be solved for 
a llin, bnm, and Cnm was poorer for the loads near 
the clamped end and that this produced erratic 
results if N was made too large. That is, rounding 
off errors in the numerical solution of the simul
taneous algebraic equations produced serious dis
crepancies in the results. Improved numerical 
methods for solving simultaneous equa tions would 
alleviate this difficulty. The values of N for the 
theoretical results of Figs. 5 and 6 are 15 and 12, 
respectively. 

The last four terms inside the second integral of 
Eq. (2) are usually neglected in thin-shell theory. 
Computations with the similar expression for the 
strain energy produced results that differed only 
slightly from those using all of the terms in Eq. 
(2), with the latter case producing generally better 
agreement with the experimental results. It is ex
pected that for a smoother loading, the difference 
in the two energy expressions would have a negli
gible effect. It is also felt that for a smoothly 
varying load, the agreement between theory and 
experiment, with N = 15, would be satisfactory 
for engineering computations and would be ex
pected to produce better agreement than has been 
obtained for the concentrated load. This is evi
denced by the satisfactory agreement of the dis
placements for the load near the free end where 
the longitudinal variation is smooth. 
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